PAI HQC QUOC GIA HA NQI PE THITUYEN SINH VAOLOP10
TRUONG PAI HQC KHOA HQC TUNHIEN  TRUONG THPT CHUYEN KHTN NAM 2026

Dé chinh thire

MON THI: TOAN (VONG 2)
Thoi gian 1am bai: 150 phit (khdng ké thoi gian phét dd)
Ciu L (3,5 diém)
1) Giai phuong trinh

14+581-25x + Y+ 5x +Y1=5x =4(e/(1+5:c)2 +{/(l—5x)’).
2) Gidi hé phuong trinh
{x’+8yJ +6x)i+x=3(x’+4y2)+l,

®+2=x"+2y.

Chu IL (1,5 diém)
Xét phuong trinh (x’ +.y)( ¥y +x) =3, trong d6 x,y,z 13 cdc sb nguyén duong.

1) Chitng minh réng khi x = y thi khéng ton tai z théa man phuong trinh.

2) Tim tét ca c4c bd (x.).z) thoa man phuong trinh véi x> y.
Céu II. (1,0 diém)
Véi cic s thyre khong dm a,b,¢,d 1théa man ding thicc a+b+c+d =1, hdy tim gié trj l6n
nhit cia biéu thirc

S=(a'+b'+c* +d‘)—(a’ +b*+¢c* +d’).

Ciu IV. (3,0 diém)
Cho tir gidc ABCD ndi tiép dudmg trdn (O) véi DCB < ADC <90°, gia sir ¢é diém P nim

trong tir gidc ABCD sao cho PA vubng goc AD va PB vudng géc BC. Dymg hinh binh
hanh PAOB. Goi K 14 hinh chiéu vudng géc cia O 1én A4B.

1) Chimg minh ring XOB = BCD.

2) Goi H I hinh chiéu vudng géc clia P l1én CD . Chimg mhinh ring %— %

3) Liy diém R sao cho DR song song AH va CR song song BH. Goi giao diém
ciia hai duong thing RH va 4B la L. Chimg minh ring cic diém D,C,K,L cing

ndm trén ‘mot dudng tron.
Cau V. (1,0 di¢m)

V6i mdi diy s @,,8,,...,05, EOM 600 s6 nguyén duong, ky hidu m 1a sé by (a,,aj,a_,) voi
1<i<j<k<600 théa man a, =a,+1 vd a; =a,+1. Xéttét ci cac ddy sé nhu rén, hay
tim gi trj |on nhét c6 théciia m.
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Can bg coi thi khong gidi thich gi thém



PAI HOC QUOC GIA HA NQI HUONG DAN GIAI
TRUONG PAI HOC KHOA HQC TU NHIEN PE THI TUYEN SINH VAO 10
PE CHINH THUC TRUONG THPT CHUYEN KHTN NAM 2026

MON THI: TOAN (VONG 2)
Thoi gian 1am bai: 150 phit (khong ké thoi gian phat dé)

Cau L. (3,5 diém)
1. Gidi phuong trinh

1+531-25x% +/1+5x +1-5x :4({/(1+5x)2 +{/(l—5x)2j.

2. Giai h¢ phuong trinh
x’ +8y’° +6xy+x=3(x2 +4y2)+1,
{xS +2=x"+2y.
Céau I1.(1,5 diém) Xét phuong trinh (x3 + y)( V' + x) =37, trong d6 X, y, z 1 cac s6 nguyén duong.
1. Chimg minh rang khi x = y thi khong ton tai z théa min phuong trinh.
2. Tim tat ca cac bd (x,y,z) thoa min phuong trinh voi x> y .
Cau III. (1,0 diém) Vi cac sb thyc khong &m a, b, ¢,d théa min dang thic a+b+c+d =1, hiy
tim gi4 tri 16n nhat cua biéu thirc
S =(a4 +b* +c* +d4)—(a5 +b+c +d5).
Cau IV. (3,0 diém) Cho tir gidic ABCD nodi tiép duong tron (0) v6i DCB < ADC <90°, gia st co
diém P nam trong tr gidc ABCD sao cho PA vudng goc AD va PB vudng goc BC . Dung hinh
binh hanh PAQB . Goi K 14 hinh chiéu vudng goc ctia O 1én 4B.
1. Chimg minh rang KQB = BCD .

2. Goi H 1a hinh chiéu vuéng goéc cia P 1én . Ching minh rang HD _KB.
HC KA

3. Lay diém R sao cho DR song song AH va CR song song BH . Goi giao diém cia hai
duong thang RH va AB 1a L. Chimg minh rang cic diém D, C, K, L cung nam trén mot duong
tron.

Cau V. (1,0 diém) V6i mdi diy sb a,,a,,...,a,, gom 600 sé nguyén dwong, ky hiéu m 1a sb bo
(a;,a;,a;,) v61 1<i< j<k<600 thbamin a, =a,+1 va a, =a, +1. Xét tat ca cac day sb nhu trén,
hay tim gia tri 16n nhét c¢6 thé cia m .



PAI HOC QUOC GIA HA NQI HUONG DAN GIAI
TRUONG PAI HOC KHOA HQC TU NHIEN PE THI TUYEN SINH VAO 10
PE CHINH THUC TRUONG THPT CHUYEN KHTN NAM 2026

MON THI: TOAN (VONG 2)
Thoi gian 1am bai: 150 phit (khong ké thoi gian phat dé)

Cau L. (3,5 diém)
1. Gidi phuong trinh

1+531-25x% +/1+5x +1-5x :4({/(1+5x)2 +{/(l—5x)2j.

2. Giai h¢ phuong trinh
{;ﬁ +8y" +6xy+x=3(x* +4y%)+1, ()
¥ +2=x+2y. (2)
Hwéng din giai
1.bat a = m vab= ﬁ thi @’ +b° =2 va phuong trinh tré thanh:

1+5ab+a+b:4(a2+b2).

(Cl+b)3 —3ab(a+b):2,

Ta thu duoc hé ddi xtng loai I: )
1+5ab+(a+b):4(a+b) —8ab.

bat S=a+b; P=ab.

S*-3pS=2

Khi d6 hé tré thanh )
1+5P+S =45*-8P

2 - - r
Tu phuong trinh thir haitaco P = %, thay vao phuong trinh thur nhat ta dugc
2 — —
S3-3S. 457 -8-1 =2
13

Hay (S+1)3:27.T1‘Id(') tim duoc S=2, P=1suyra a=b=1.Do d6 x=0 1a nghiém duy nhét
ctua phuong trinh.

2.Pit x=a+1; 2y =b+1 thi phuong trinh (1) trd thanh a’ +5° +3ab+a—1=0 va phuong trinh (2)
trg thanh b—1:a3+2a2+a:a(a+l)2.

Ta co a3+b3+1—3ab:(a+b+1)(a2+b2+1—ab—a—b).
Suyra (a+b-1)(a’ +b’ —ab+a+b+1)+a=0

Laico b—1=a’+2a’+a=a(a+1)" nén a{[(a+1)’ +1](a’ +b* —ab+a+b+1)+1} =0,



D& dang ¢6 (a’ +b* —ab+a+b+1)+1>0 suyra a=0,b=1. T dé suyra x=y=1.
Vay hé co nghiém (x; y)=(1;1).
Cau II. (1,5 diém) Xét phuong trinh (x3 + y)( '+ x) =37, trong d6 x, y, z 1a cac s6 nguyén duong.
1. Chimg minh rang khi x = y thi khong ton tai z théa man phuong trinh.
2. Tim tit ca cac bd (x, y,z) thoa min phuong trinh voi x> y .
Loi giai
1. Khi x = y, phuong trinh ban dau tré thanh:
(x3 +x)(x3 +x):3z suy ra (x3 +x)2 =3 1
Tacod x° +x =x(x* +1) ludn 1a sé chin nén 3° 1a sb chén, vo Iy.
Do d6 khong ton tai z thoa man phuong trinh.
2. Tir gia thiét ta ¢c6 x*+y va y* +x déu 1a lily thira cua 3, dat x* +y=3“ va y’ +x=3" véi
a,beN".
Vix>y>1nén a>b>1.Dodd 3“—3" va 3 +3” déu chia hét cho 3’.
Laico 3 +3" = (x+y)(x2 —xy+y° +1); 3-3"= (x—y)(x2 +xy+y° —1).
Pé y rang (x2 —xp+y+ 1) +(x2 +xy+ - 1) = 2(x2 + yz) nén néu ca hai s6 nay déu chia hét cho 3
thi x, y déu chia hét cho 3, khi d6 1 chia hét cho 3 (v 1y).
Do d6 trong hai sb (x2 —xp+y+ 1) va (x2 +xy+y° —1) c6 it nhat mot trong hai s6 khong chia hét
cho 3.
Diéu nay dan t6i trong hai s6 x—y va x+ y c6 mdt s6 chia hét cho 3.
Laico 0<x—y<x+y’ =3"nénchicd x+y chia hétcho 3’.
Mia O0<x+y<x+y’=3"nén y=1.Khi d6 x+1 va x’ +1 déu 1a lily thira cia 3, suy ra x* —x+1
cling 1a I{iy thtra cua 3.
Ma véi x>2 thi x> —x+1>x+1 nén x> —x+1 chia hét cho x+1, tir diy dé dang tim dugc x=2.
Tur do ta tim duoc (x; y; z)=(2;1; 3).
Cau III. (1,0 diém) Vi cac sb thue khong am a, b, ¢,d thoa man déng thic a+b+c+d =1, hay
tim gia tri 1on nhat cua biéu thirc
S :(a4 +b* +c* +d4)—(a5 +b +c +d5).
Hwéng din giai

Do vai tro cta cac bién nhu nhau, gidsdt a=2b=>2c2>d 20.



Via+b+c+d=1nén azi.
bat x=b+c+d,suyra a+x=1.
Ta chimg minh: b*(1-6)+c*(1-c)+d* (1-d) < x* (1-x)
That vay, xét higu:
T=x"(1-x)-[b*(1-b)+c* (1-c)+d*(1-d) ]
—a| (b+e+d) —b' —c' =d" |-[b'(c+d)+c' (b+d)+d* (b+c)]
Do a>b,vaddthdy (h+c+d) —b*—c*—d*>4b*(c+d), ta co:
al (b+erd) —b' —c' ~d" |2b-4b (c+d)=4b" (c+ ).
Mt khéc, do b>c¢>d nén:
b*(c+d)+c* (b+d)+d* (b+c)<b'(c+d)+b* (c+d)+b"(c+d)=3b*(c+d)
Turdosuyra T >4b*(c+d)-3b*(c+d)=b"(c+d)=0. Bat ding thirc dugc chimg minh.
Khi d6 ta duge: S<a*(1-a)+x*(1-x)=a‘x+x'a=ax(d’ +x°)
S<ax(a+x)(a’ —ax+x")=ax(1-3ax)

i

=l nén § < .
4 12

3ax+1-3ax \’
Suy ra 35 <3ax(1-3ax) < —

Dau bang xay rakhi c=d =0; a+b=1 va 3ab=1-3ab.

3+43 3_‘/5-0

6 6

Gidi céc diéu kién ta duge (a; b; c; d) =( ; OJ va cac hoan vi twong tng.

Vay gia tri 16n nhat cta biéu thae S 1a é

Cau IV. (3,0 diém) Cho tir gisc ABCD noi tiép duong tron (0) v6i DCB < ADC <90°, gia st c6
diém P nam trong tr gidc ABCD sao cho PA vudng goc AD va PB vudng goc BC . Dyng hinh
binh hanh PAQB . Goi K 1a hinh chiéu vudéng goc ciia Q 1én AB.

1. Chimg minh ring KOB = BCD.

2. Goi H 1a hinh chiéu vudng goc ciia P 1én . Ching minh rang b _KB.
HC KA

3. Lay diém R sao cho DR song song AH va CR song song BH . Goi giao diém cta hai
duong thing RH va AB 1a L. Ching minh rang cac diém D, C, K, L cling nam trén mot duong
tron.

Huwéng din giai
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1. Ta goi AD cit BC tai E thi Q 1a tryc tAm tam gidc EAB. Do d6 KOB = EAB = BCD .
2. Vit giac PAEB 1a t& giac ndi tiép nén ta c6 EPA= EBA= ADH .
Lai c6 ADH + APH =180° ( APHD 1a tr gidc ndi tiép) nén EPA+ APH =180° hay E, P, H thing

hang.

Dé dang c6 AEKB © AEHD va AEKA » AEHC , tir 6 suy ra %:%.

3. Goi [ la giao diém cta 4B va CD; X la giao diém ctia DR va AB;Y la giao diém cua CR va
AB . Ké duong thang qua H song song voi 4B, cat DR tai M vacit CR tai N .

Theo dinh 1i Thalés: HM = RH = AN suy ra X = %
LX RL LY LY HN
Xét AIAH ¢6 DX // AH suy ra Isz. Tuong tu IYzﬁ.
IH IH
Lai c6 HM //IX nén HM _ DH suy ra HM = ]A'DH.Tuongu_x ay = 1B-CH
IX DI

LX IA-DH . LX IA-KB
Suyra — = . Két hgp voi chiing minh tir cau 2, ta duge: — = .

LY IB-CH LY IB-KA

bat IA=a;IB=b;IC=c;ID=d;IK=k;IL=1;IH =h.Taco IX=% va IYz%.

Tir b thie 220 = X8 o c6 h(b—a)=k(d —c)—(ad —bc).
CH KA



/ ad
LX 1-IX "
LY Iy-1I be_ .
h
LX a(b-k)

Thay vao ti 1¢ = , nhan chéo va rut gon két hop v&i h(b—a) & trén, ta thu duogc
LY b(k-a)

Mat khac,

l-k=a-bsuyra IL-IK =14-1B.
Do ABCD nbi tiép nén I4-IB=1IC-ID.
Vay IL-IK = IC-ID , suy ra 4 diém D, C, K, L cung thuoc mot duong tron (dpem).
Cau V. (1,0 diém) V6i mdi diy sb a,,a,,...,a,, gom 600 sé nguyén dwong, ky hiéu m 1a sb bo
(a;,a;,a;) v61 1<i< j<k<600 thbamén a, =a,+1 va a, =a, +1. Xét tit ca cac day sb nhu trén,
hay tim gid tri 16n nhat c6 thé cia m .
Loi giai
Goi c, 14 s 1an xuat hién cla gia tri nguyén dwong v trong diy s da cho.
Theo gia thiét, tong s6 phan tir cia toan bo day 1a ZCV =600.
Dé s6 bo ba (a;,a;,a;) thoa man diéu kién 13 16n nhat, ta sap xép diy s6 a,,a,,...,a,, theo thir tur
khong giam.
Khi do, s6 bo ba tao thanh 3 s6 nguyén lién tiép chinh 1a: m = c,c,..c,., .
Xeét cac téng sau:
X=c+c, +c +~-:Z:c3,+l
Y=c, +c;+c¢ +”':ch;+2
Z=cy+c¢+c +~-=Zc3t
Rérangtaco X +Y+Z = ¢, =600.
D@ thdy, ba s6 nguyén lién tiép v,v+1,v+2 ludn co 3 sb du phéan biét khi chia cho 3.

Do d¢, trong tich c,c, ,c,.,, luon cd6 dung mat thira sb thudc téng X , mot thira s6 thudc téng Y va

V20
mot thira s6 thudc tong Z .
Mait khac, khi khai trién tich X -Y - Z, ta thu duoc téng cla tat ca céc hang ttr dang c,c,c, , trong do
i, j, k mang s6 du khac nhau khi chia cho 3.

Vi c, 20 v61moi v, tong nay chic chan chira toan bd cic hang tir ctia m .

<X-Y-Z

v+2

Di€u nay dan dén: m = chcmc

Ap dung bt dang thic Cauchy (AM-GM) cho 3 s6 khong am X, Y, Z , ta co:



3 3
mSX-Y-ZS(X+§+Zj :[6(3)0j —200° =8 000 000

D& thay diy s6 gdm 200 sb 1, 200 sb 2 va 200 s6 3 duoc sip xép tang dan 1a 1 diy sb thoa man véi
m =8 000 000 .
Vay gia tri 16n nhit c6 thé cua m 1a 8 000 000 .



