SO GIAO DUC VA PAO TAO HA NOI KY THI TUYEN SINH VAO LOP 10

PE CHINH THUC THPT NAM HQC 2026 — 2027

Mbén thi: TOAN (Chuyén To4n)
Ngay thi: 01/6/2026

Thoi gian lam bai: 150 phut
Cau L (2,0 diém)
1) Chon ngau nhién mot s6 ty nhién nho hon 125. Tinh x4c suét cta bién cd A: “Sé duge
chon viét dugc dudi dang tong cua hai sé chinh phuong lién tiép”.
2) Cho a, b, ¢ 1a cac sb thyc thoa man dong thoi a+b+c=0 va a’ +c* —4bc—2b+2=0.
Tinh gié tri ctia biéu thirc M = abc .
Cau II. (2,0 diém)

1) Cho n 1a s nguyén duong thoa méan ton tai cic s6 nguyén duong a, b, ¢ sao cho

2 2 2
n= atbretl . Chting minh 7 chia hét cho 4 nhung khong chia hét cho 8.

abc

3

x'+3 4y
x+2  2y+1

2

2) Tim tat ca cdp so tu nhién (x; y) théa man

Céu III. (2,0 diém)

1) Tim tit ca cdp s6 nguyén duong (n; p) théa man dong thoi p 1a s6 nguyén t va
4n* + p* +4p* —8p—32 chia hét cho np+4n.

2) Véi a, b, ¢ 1a cac sb thuc khong 4m théa man a +b+c =2, tim gia tri 1on nhat va gia tri

bc+2a+1 ca+2b+1 ab+2c+1
2 + 2 + 2 *
a +1 b +1 c”+1

nho nhét cua biéu thic P =

Céu IV. (3,0 diém) Cho tam giac nhon ABC cin tai A, c6 dudng cao AH. Lay diém O thudc
doan thing AH sao cho OH > OA . Puong thing 4B cét dudng tron tim O ban kinh OB tai
diém thirhai T . Ly diém E thudc doan thing 4B sao cho AE > AT . Pudng trung truc cua doan
thang CE cét dudng thing AH tai diém N .

1) Chitng minh bén diém A4, E, N, C cung thudc mot duong tron.

2) Puong thiang qua diém A va song song véi duong thang BC cit duong trung tryc cua

doan thang CE tai diém K . Goi F 1a trung diém ciia doan thang ET . Chimg minh OFK =90° .



3) Chung minh duong tron tam O ban kinh OB, dudng tron duong kinh NK va dudong
thang TK cung di qua mot diém.
Cau V. (1,0 diém) Xét sb nguyén duong n va tp hop S gdm n sé nguyén duong a,,a,,d,,...,a,
thoa min dong thoi cac diéu kién sau:

1) a,<a,<a,<..<a,=2000.

i1) V61 moi s6 tu nhién k, 2 <k <n, tdn tai cac sd nguyén duong 7, j nho hon £ (khdng
nhét thiét phan biét) sao cho a, = a, +4a .

1) Chirng minh tit ca cac phan tir ciia tip hop S déu 1a s6 chin.

2) Tim gi4 tri 16n nhat cua 7.

HET

Can b¢ coi thi khong giai thich gi thém.



SO GIAO DUC VA PAO TAO HA NOI Pap an va huéng din gii

PE CHINH THUC KY THI TUYEN SINH VAO LOP 10

THPT NAM HQC 2026 — 2027

Mbén thi: TOAN (Chuyén To4n)
Ngay thi: 01/6/2026

Thoi gian lam bai: 150 phut

Cau L (2,0 diém)

1) Chon ngau nhién mot s6 ty nhién nho hon 125. Tinh x4c suét cta bién cd A: “Sé duge
chon viét dugc dudi dang tong cuia hai sé chinh phuong lién tiép”.

2) Cho a, b, ¢ 1a cac sb thyc thoa man dong thoi a+b+c=0 va a’ +c* —4bc—2b+2=0.
Tinh gié tri ciia biéu thirc M = abc .
Huéng din giai
1) Cac sb tu nhién nho hon 125 g@)m c6 1256120, 1, ..., 124 nén s6 phén tor khong gian mau la
|Q=125.
Gia sir s6 duge chon n 6 thé viét dudi dang tong hai s6 chinh phuong lién tiép thi n=4k> +(k + 1)2
vol keN.
Voi k>8 thi n>145>125 khong thé dugc chon. Con véi k<7 thi 0<n<125 nén ¢o 8 cach
chon n (twong tng véi 8 cach chon k tir 0 dén 7).

~ , £, e £ \ 8
Do vay xac suat cua bién co A la 125"

2) Tacd ¢ =—a—b . Thay vao gia thiét thir hai dugc:
a* +(a+b) +4b(a+b)-2b+2=0
tuong duong 2a’ +6ab+5b> —2b+2=0
hay (2a+3b)" +(h—2)" =0.
Taco (2a+3b) 20 va (b—2) 20.Dodé (2a+3b) +(b-2) 20.
Dau bang xdy ra khi va chi khi 2a+3b=0 va b—2=0,hay a=-3, b=2.

Vay a=-3,b=2,c=—a—-b=1nén M =abc=-6.
Cau II. (2,0 diém)



1) Cho n 1a sb nguyén duong théa man ton tai cac sd nguyén duong a, b, ¢ sao cho

a’+b*+c’ +1
n=——————
abc

2) Tim tt ca cdp s6 tu nhién (x; y) théa man

Hudéng din giai

. Chting minh n chia hét cho 4 nhung khong chia hét cho 8.

3
X

2

+3 4y
x+2 2y+1

1) Ta s& chirmg minh ca 3 s6 a, b, ¢ déu 1é. Luu y ta co tinh chit quen thudc 13 néu a chin thi

a’=0 (mod4),con néualéthi ¢® =1 (mod4) va a* =1 (mod8).

—Néu ca 3 s6 a, b, ¢ déu chan hoac ding 1 trong 3 s6 a, b, ¢ chan thi a® +b”>+c*>+1 18, abc

< A r 5 2 2 2 A 1
chan, suy ra abc khong uéc cua a” +b" +c” +1,vo ly.

~Néuco?2 trong 3 sb a, b, ¢ 1a chan, ta ¢c6 o’ +b*

d6 4|abc, suy ra abc khong la uéc cua a” +b° +¢°

+c’+1=0+0+1+1=2 (mod4), trong khi

+1,vo ly.

Vay ca 3 sb a, b, ¢ 1&, suyraabe lé va @’ +b°+c” +1=1+1+1+1=0 (mod4), tir d6 suy ra

4|n.Laicod a*+b° +c*+1=1+1+1+1=4 (mod8),cho nén 8 khong 1a ude cua n.

2) D& thdy y>0.Véi x> 6, viét lai phuong trinh da cho duéi dang:

x +8-5 _4y2—1+1
x+2 2y+1

1
+

Suy ra
x+2 2y+1

Luu ¥ 1a do x, y 12 s6 tu nhién va y >1 nén:

5 1
+

x+2 2y+1

0<

<

5 1
—+—-<1
8 3

nén loai trudng hop nay. Gio xét x €{0;1;2;3;4;5} . Thir tryc tiép thi tim duge x=y =1.

Vay phuong trinh c¢6 duy nhét nghiém (x,y) 1a (11).

Céu II1. (2,0 diém)



1) Tim tit ca cdp s6 nguyén duong (n; p) théa man dong thoi p 1a s6 nguyén t va
4n* + p* +4p* —8p—32 chia hét cho np +4n.
2) Véi a, b, ¢ 1acac sb thuc khong am théa man a+b+c =2, tim gié tri 16n nhét va gia tri

bc+2a+1 ca+2b+1 ab+2c+1
+ -

nho nhét cua biéu thic P = 5 5 >
a +1 b +1 c”+1

Hudéng din giai

1)Xét p=2 thi 4n° +p’ +4p* —-8p—-32=4n"-24 va np+4n=06n.

Thé thi ta c6 6n|4n® —24, néi riéng thi 2n | 4n* —24.

Suy ra 2n|24 . Tir d6 2n € {2;4;6;8;12;24} hay n e {1;2;3;4;6;12} .

Thir truc tiép thi khong c6 gia tri n nao thoa man 6n|4n® —24.

Xét p>2 thip lé va theo gia thiét ta co:

4n2+p3+4p2—8p—32:kn(p+4),V('ri kelZ.

(2n)2:(p+4)(kn—p2+8).

Goi d =(p+4,kn—p’ +8) thi d” |(2n)", kéo theo d |2n.

Do p+4 1énéndle. Tudo d|n.

Suyra d |kn.Laicé kn—p* +8=kn—(p—4)(p+4)—8 nén d|8.Dod1énén d =1.

Suyra (p+4,kn—p*+8)=1.Titd6 p+4, kn—p’ +8 déula cac sb chinh phuong.

Dit p+4=a’, aeN thi p=(a-2)(a+2).Doplasdonguyéntonén a—2=1, a+2=p.

Tir d6 tim duoc a =3, p=5. Thay vao gia thiét ta co 9n|4n*> +153. Suy ra 4n* chia hét cho 3
hay n chia hét cho 3. Pat n=3m, me N’ thi 4n2+153:9(4m2+17) va 9n=9-3m.

Thé thi ta phai c6 n|4m>+17, kéo theo m|17 hay me{l;17}. Suy ra ne{3;51}. Thir truc tiép
thi céc gia tri nay thoa man dé bai.

Viy (n.p) 1a (3.5) va (5L5).

2) Cich 1.

Tim gid tri nhé nhit:

Ta cb bc+2a+1:bc+a(a+b+c)+1=(a2+1)+ab+bc+ca.



Tuong tu thi ta co:

P=3+(ab+bc+ca) 21 + 21 + 21 >3,
a+1 b +1 " +1

Déu bing xay ra chang han khi @ =2, b=c¢=0. Vay gié tri nho nhat cta P 13 3.

Tim gid tri lon nhit:

Ta co:
LR SRR S S A o
a+1 bP+1 *+1 a+1 b +1 *+1
2
(a+b+c) B 4
B A +b +ct+3 7—2(ab+bc+ca)'
o . (a+b+c)2 4
Do d6 néu dat t =ab+bc+ca thltﬁfzg va
—(3r—4)(26r—-63
pg{s_ 4 jz (3r-4)(26r-63) 75 75
72t 13(7—21) 13 13

L . . 2
Dau bang xay ra khi va chi khi a=b=c:§.

Vay gia tri 16n nhét ciia P 1a % .

Cich 2. Ta bién ddi sau:

bc+2a+l:bc+(a+b+c)a+1 —ab+bc+ca+a’+1

_ bc+2a+1 ab+bc+ca+a*+1 ab+bc+ca
Do d6 5 = =

= = +1
a +1 a’+1 a’+1

Thuc hién tuong tu, ta co thé viét lai biéu thirc P dudi dang:

1 1 1
P:(ab+bc+ca)(az_Her2 +1+c2 +1j+3.
Tim gid tri nhé nhit :
Vi a,b,c 1a cac sd thuc khong am nén ta ¢c6 ab+bc+ca>0.
1 1
Zl DAl P+l

Dong thoi, hién nhién >0.

Suy ra:



(ab+bc+ca)( ! ! ! jZO

21 Bl P
Dod6 P>3.
Déu "=" xay ra khi va chi khi ab+bc+ca=0. Két hop véi diéu kién a+b+c=2 va a,b,c>0,
ta suy ra trong ba sd a,b,c c6 hai s bang 0 va mot s6 bang 2.
Vay min P =3 khi (a,b,¢)=(0,0,2) va cc hoan vi.
Tim gid tri I6n nhit:

Tt biéu thac d3 rat gon, ta co:

1 1 1
P-3=(ab+bc+ca + +
( )(a2+1 b +1 c2+1j

Vi a,b,c>0 va a+b+c=2 nén a+b<2.Theo bat dfmg thirc AM-GM, ta co:

2
abS(aer) S2—2:1
4 4

Véi ab <1, ta c¢6 bat dang thirc phu quen thudc sau:
1 1 2
2 + 2 <
a+l b +1 ab+l

(Thdt vy, quy dong va rit gon ta dwoe bdt dang thirc twong dwong la (a —b)2 (1 —ab) >0, diéu

nay luon dung do ab <1).

; 2 2 2 . P .
Trong ba s6 a— 3’ b— 3’ c— 3’ theo nguyén ly Dirichlet [udn ton tai hai s6 cung dau.

14 2 . . 14 2 2 .
Khong mat tinh tong quat, ta gid str hai s6 do 1a a — 3 va b— 3 Khi do:

(a—zj(b—gjzo suy ra abZ%(a+b)—g=§(2—c)—ﬂ= 8—6c

3 9 9
2 1
Tur day suy ra: < = 8
ab+1 8-6c 17 —6¢
—+1
9
Mait khac, ta cling c6 danh gia:
2 2
a+b 2—¢ .2
ab+bc+ca:ab+c(a+b)£( ) +c(a+b):( 4) -|-c(2_c):4+43r 3c

Thay céc d4nh gia trén vao biéu thirc cia P -3, ta dugc:



_ 2
p_3< 4+4c-3c 18 N 21
4 17—6¢c ¢ +1

4+ 4¢-3¢° 18 1 36
+ <
4 17-6¢ ¢*+1) 13

Bién ddi bat déng thuc trén (cha y ¢ €[0,2] nén 17 —6¢ > 0), ta co:

Ta s€ chung minh:

13(4+4c-3¢7)[ 18(c* +1)+17-6¢ | < 144(17 - 6¢) (¢’ +1)
13(4+4c—3¢*)(18¢* —6¢+35) <144(17—-6¢)(c* +1)
702¢* —2034¢’ +3189¢* —2372¢ +628 > 0

(3c—2)" (78¢* ~122¢ +157) 20
Bét ding thirc cudi cing luén ding vi (30 - 2)2 >0 va tam thtrc bac hai 78¢” —122¢+157 > 0 véi

moi ¢ (do A’ =(~61)" ~78-157 =-8525<0).

Tur do, ta co: P—3S§ suy ra: PSE
13 13
T . C o e 2
Dau bang xay ra khi va chi khi a:b:c=§.

Vay gia tri 16n nhit cua P 1a %

Céu IV. (3,0 diém) Cho tam giac nhon 4BC cin tai 4, c6 dudng cao AH. Lay diém O thudc
doan thang AH sao cho OH > 04 . Pudng thing 4B cit dudng tron tim O ban kinh OB tai
diém thir hai T . Ly diém E thudc doan thang 4B sao cho AE > AT . Pudng trung truc ctia doan
thang CE cét dudng thing AH tai diém N .

1) Chting minh bén diém 4, E, N, C cing thujc mot dudng tron.

2) Pudng thang qua diém 4 va song song véi duong thing BC cat duong trung truc cua
doan théng CE tai diém K . Goi F 1a trung diém cia doan théng ET . Chung minh OFK =90°.

3) Chung minh dudng tron tam O ban kinh OB, dudng tron duong kinh NK va dudong
thang TK cung di qua mot diém.

Huwéng din giai



1) Nhan thdy néu ldy N’ 1a giao diém thtr hai cia AH vé6i dudng tron (AEC) thi N’ 1a diém

chinh gitta cung EC do AH la phan gidc BAC hay N’ thudc dudng trung truc cia EC. Tu do
suyra N'=N.

2) Lap luan twong tu phan 1) ta ciing ¢6 K 1a diém chinh giita cung 16n EC cta duong tron
(4EC).

Trén tia CA ldy G sao cho CG = EF = FT . Khi 46 AKCG = AKEF va AOGC = AOFT (c.g.c).
Twr d6 suy ra KG = KF va OG =OF nén AOGK = AOFK (c.c.c), kéo theo OGK = OFK .

Két hop OGK = 3600—(KGC+ OGC) - 360°—(KFE+ OFT) = 180°— OFK .

Cho nén OGK = OFK =90°.
3)Lay D la giao diém thir hai ctia KT véi duong tron duong kinh NK , tirc dudng tron (AEC).
Khi nay:

KDC=KNC=%ENC=90°—¥=ABC=TBC.

Boi vay ma tir giac DTBC ndi tiép hay D ciing thudc (BT C ) hay chinh la duong tron tam O,
ban kinh OB . Nhu vy 3 duong cung di qua diém D .
Cau V. (1,0 diém) Xét sb nguyén duong n vatap hop S gém nsd nguyén duong a,,a,,a,,...,q,

thoa man dong thoi cac diéu kién sau:



1) a,<a,<a,<..<a,=2000.

ii) Vi moi s6 tu nhién k, 2 <k <n, ton tai cdc sb nguyén duong i, ; nhé hon & (khong
nhét thiét phan biét) sao cho a, = a, +4a i

1) Chirng minh tit ca cac phan tir ciia tip hop S déu 1a s6 chin.

2) Tim gi4 tri 16n nhit cua .
Huéng din gidi
1) Ta s& chimg minh ménh dé tong quat hon 12 moi s6 @, =a, (mod4) véi moi i.
Gid sir phan chimg diéu nay khong dung, ta s& chon duoc chi sb i nho nhat dé @, #a, (mod4).
Néu i=1 thitasd quynap a,=a, (mod4) véimoi /.
That vy gid st a, =a, (mod4) véi moi ¢ < j, ta ching minh a,,, =, 1. Theo gié thiét dé bai,
ton tai k, / <i d¢ a,,, =a, +4a,, theo gia thiét quy nap, a,,, =a, =a, (mod4).
Do d6 theo nguyén ly quy nap a; =a, (mod4) véimoi j,tuy nhién a, #a, (mod4) theo cach
chon, diéu nay suy ra mau thuan.
Néu i > 1 thi theo d& bai ton tai j,k <i dé a, = a,+4a, ,tuy nhiénkhindy a, =a, #a, (mod4).
Diéu nay méu thuan cach chon i 1a chi s6 nho nhat.
2) Ap dung cau 1, ta c6 a, chia hét cho 4 véi moi i, do d6 ta c6 thé dat a, = 4b,, khi d6 b, =500.
Ta 13p luan tvong twta c6 b, =2 (mod4) v6i moi i, ta dat b, = 4¢, khido ¢, =125.

125-1

Ap dung cau 1, ta cling ¢6 ¢, =1 (mod4) véi moi i, dodd n<1+ =32, diu bang c6 xay

rakhi ¢, =4i-3 bo1 ¢, =4c, +c,_,.
Do d6 n <32 va dau bang xdy ra khi a, =16(4i-3).

HET




