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PE CHINH THU'C Mbn thi: TOAN (Chuyén Tin)
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' Thoi gian 1am bai: 150 phut
Cau I (2,0 diem)
1) Mt hop chira 4 vién bi c6 cing kich thuée va khéi lugng nhu nhau gém: bi mau xanh,

bi mau d6, bi mau tim va bi mau vang. LAy ngiu nhién ddng thoi 2 vién bi trong h¢p. Tinh xéc
suft ciia bién c6 A : “LAy dugc 2 vién bi trong @6 c6 vién bi mau xanh”.
2) Cho a,b,c 1a c4c sb thic dwong théa man 2a® +2b* + ¢? — 2ac — 2bc = 0. Tinh gi4 trj cia

biéu thic P = = + . + 1.
2a+1 2b+1 c+1

Cau I (2,0 diém)

1) V6i a,b 12 cdc sb nguyén duong thoa man a®—b° 13 sb nguyén t6. Chimg minh
a® —b® +2027 chia hét cho 6.

2) Tim tht c& cip sb nguyén dwong (z;y) théa man 3° —1 = 2.13Y.

Cau ITI (2,0 diém)

a® +b® +27¢°

1) Tim tht c4 c4c s6 nguyén duong a, b, ¢ thoaman ab = 6¢* va 14 56 nguyén td.

2) V6i a,b,c 14 céc sb thuc khong 4m théa man a + b+ ¢ = 3, tim gid trj 16n nhit va gid tri
2 2 2
a b ¢

nho nhét cua biéu thite T' = + 3 y
be+2a+3 ca+20+3 ab+2c+3

Cau IV (3,0 diém)

Cho tam gidc ABC c6 ba géc nhon (AB < AC), ndi tiép dudmg trdn (0). Goi M 1a
trung diém cia doan thing BC. Pudng thing MO cit dudong tron (O) tai hai diém E,F
(ME < MF). Ké dudng thing qua E vudng géc v6i dudng thing AC tai diém D. Goi H 1a
tryc tAm cia tam gidc ABC va § 1a trung diém cia doan thing HE.

1) Chiing minh tam gisc BAF d6ng dang v6i tam gidc MDC.

2) Pudng thing AH cht duong tron (O) tai diém thit hai Q. Pudng thing QF cét
duong thing BC tai didm T. Chimg minh diém S thudc dudng thing MD va TSO = 90°.

3) Puodng thing qua S vuéng géc v6i dudng thing BS cit dudng thing AC tai didm P.
Chimg minh PA = PF.

Cau V (1,0 diém)
V6i méi sé nguyén duong n (n <99), xét 100 sb nguyén duong a,0,,...,a,, théa man
ddng thoi hai didu kién:
)l<a <a,<a,<...<ay.
ii) Véimei 1< j <4 <100 thi g —a; #n.
1) Khi n =2, chimg minh a, —a, > 4.
2) Tim tat ca gié trj ciia n 8 o, nhd nhét.
......... 3 1 Dy (—
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3 v, Mb6n thi: Toan chuyén (vong 2)

Nguyén Nhit Huy - Lé Nam Khénh - Pham Ngoc Uy
Tich Kin Thic - Tr Niém Vu Tran Nguyén DPitc Nhit - Lé Thanh Lam - Hoang Lé
Nhat Tung

Phan Anh Quéan - Trinh Huy Vii - Nguyén Ping
Khoa - Nguyén Piac Quan

I¢ PHAN PE THI

Cau 1.

1) Mot hop chiia 4 vién bi c6 ciing kich thuéc va khdi lugng nhu nhau gém: bi mau xanh, bi
mau dd, bi mau tim va bi mau vang. LAy ngiu nhién dong thdi 2 vién bi trong hop. Tinh xac
suit ctia bién cb A: "Lay dudc 2 vién bi trong d6 c6 vién bi mau xanh".

2) Cho a,b,c 1a cdc sb thuc duong théa man 24 + 2b* + ¢® — 2ac — 2be = 0. Tinh gid tri cla
. a b 1
biéu thic P = .
e = 1 T 1 et

Cau 2.

1) V6i a,b 1a cic s6 nguyén duong théa man a® — b° 1a s6 nguyén t6. Chiing minh riing ¢’ —
b +2027 chia hét cho 6.

2) Tim tht ca cip s6 nguyén duong (x;y) thda man 3* — 1 =213,

Cau 3.

303 3
A, 2 o A ~ 5 ~ La’+b+27c¢ 2 2z
1) Tim tat ca cac so nguyén duong a, b, c thoa man ab = 6¢° va — la sO nguyén to.

2) Véi a,b,c 1a cic sb thuc khong am théa man a + b+ ¢ = 3, tim gi4 tri 16n nhit va gid tri nhd
2 b2 "

hit ctia biéu thic T = :
nhat cua bi€u thuc bc+2a+3+ca+2b+3+ab+2c+3

Céu 4. Cho tam gidc ABC c6 ba géc nhon (AB < AC), ndi tiép dudng tron (0). Goi M 1a trung
diém clia doan thang BC. Pudng thang MO cat dudng tron (O) tai hai diém E,F (ME < MF).
K¢ dudng thang qua E vudng géc v6i dudng thang AC tai diém D. Goi H 1a tryc tAm cda tam
gidc ABC va S 1a trung diém ctia doan thang HE.

1) Ching minh rang tam gidc BAF dong dang véi tam gidc MDC.
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2) Puong thang AH cit duong tron (0O) tai diém thi hai Q. Puong thang QF cét dudng thang
BC tai diém T. Chiing minh rang diém S thudc dudng thang MD va TSO = 90°.

3) Pudng thang qua S vudng goéc véi dudng thang BS cat dudng thang AC tai diém P. Chiing
minh ring PA = PF.

Cau 5. V6i mdi s6 nguyén duong n (n < 99), xét 100 s6 nguyén duong ay,as, ..., aio théa min
dong thdi hai diéu kién:

Dl<ai<ap<az<---<aj.
ii) Véimoil < j<i<100thia —aj+#n.
1) Khin = 2, chiing minh rang a3 —a; > 4.

2) Tim tit c3 gi4 tri ctia n d€ ajgg nhd nhit.
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2. PHAN PAP AN

1) Mot hop chita 4 vién bi c6 ciing kich thudc va khdi lugng nhu nhau gdm: bi mau xanh,
bi mau dd, bi mau tim va bi mau vang. L4y ngiu nhién dong thdi 2 vién bi trong hop.
Tinh x4c suit ctia bién c6 A: "LAy dudc 2 vién bi trong d6 c6 vién bi mau xanh".

2) Cho a,b,c 1a céc s6 thuc duong thda man 2a* 4 2b* 4 ¢* — 2ac — 2bc = 0. Tinh gia tri
. a b 1
ia biu thic P = :
cua bi€u thuc 2a—i—1+2b+1+c+1

Loi gidi.
1) LAy ngiu nhién 2 vién bi trong 4 vién bi, s6 phan ti ctia khong gian mau 12 6.
Liét ké cac két qua thuan 1gi cho bién cd A: ”c6 vién bi mau xanh”.

Céc cip gdm vién bi mau xanh va mdt vién bi khac 1a
{xanh,do6}, {xanh,tim}, {xanh,vang}.

C6 3 két qua thuan 19i.
Viy x4c suit clia bién cb A la:

PA)=> =

2) Loi giai.
Vi 24 +2b% + ¢ — 2ac — 2be = 0 nén 4a® + 4b* 4 2¢* — 4ac — 4bc = 0, tit day bién doi
thanh (2a — ¢)?> + (2b—¢)* = 0. Dan dén 2a = 2b = c.
C C
a b L _atbil pitptl

Khi d6 P = + + =
c+1 c¢c+1 c+1 c+1 c

Vay P = 1.

1) V6i a,b 1a cic s6 nguyén duong thda man ¢ — b° 1a s6 nguyén t6. Ching minh riing
a® — b* 42027 chia hét cho 6.

2) Tim tht ca cip s6 nguyén duong (x;y) thda man 3* — 1 =213,

Loi gidi.
1) Tacé a® —b® = (a—b)(a®>+ab+b?). Via,b € Z* nén a,b > 1, do d6 a* + ab+b* > 3,
a—b=1haya=>b+1.

Khi d6 a® — b 42027 = 3b? + 3b + 2028 = 3b(b + 1) 4 2028 chia hét cho 2 va 3. Ma
(2,3) = 1 nén a’® — b> +2027 chia hét cho 6.
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2) Tir d& bai suy ra 3* =1 (mod 13) nén x chia hét cho 3, dit x = 3k (k € Z"). Khi d6 bai toan
tré thanh
31 =B —1)B* 43 +1) =213

bit (3F—1,3% 4354 1) =d thi 3 — 1 : d va 3% +3* + 1 : 4 ma 3F — 1 khong chia hét cho
3nénd=1.Laic63%*+3*+11as61énén3f—1=2 suyrak=1,khid6x=3;y=1.
Thi lai x = 3;y = 1 thod man. Vay (x;y) = (3;1).

A+ 4273

1) Tim tit ci cac sb nguyén duong a,b,c thda man ab = 6¢* va 2 1a s6

nguyén to.
2) V6i a,b,c 1a cac sb thuc khong am thdéa min a + b + ¢ = 3, tim gia tri 16n nhit va gia

2 b2 02

bc+2a+3 +ca+2b+3 +ab+2c—l—3'

tri nho nhét ctia biéu thic T =

Loi gidi.
1) Ta c6 ab = 6¢* nén 9abe = 54¢> do d6

a+b 427 @40 —27c* +9abe (a+b—3c)(a® +b* +9c* — ab + 3ac + 3bc)
2 B 2 P 2 ’

dén day xét v6i s6 nguyén t6 p thi

(a+b—3c)(a* +b* +9c¢* —ab +3ac + 3bc) = 2p,
lai ¢6 a® + b* — ab+9¢* + 3ac + 3cb = (a—b)2+ab+9cz+3ac+3cb maa,b,c € Z" nén
(a—b)?+ab+9¢* +3ac+3ch > 16, tit d6 ta xét cdc trudng hop sau:
Truong hop 1. a+b—3c=1thia+b=3c+1vaab= 6¢2, khi d6 a,b 1a nghiém cta phuong
trinh an ¢

12— (3c+ 1) +6¢> =0,

Tacé A, = (3c+1)? —24¢% < 0 khi ¢ > 1 nén phuong trinh nay vo nghiém.

Truong hop 2. a+b—3c =2 thi a+b = 3¢+2 va ab = 6¢* khi d6 a, b 12 nghiém ctia phuong
trinh an ¢
12— (Be+2)t+6¢% =0,

Taco A, = (3¢+2)> =24 >0khi —1 <c<2mac€Z nénc=1,suyraa=2,b=3
hoaca =3,b = 2.

Thi lai (a;b;¢) = (2;3;1),(3;2;1) déu thoa man. Vay (a;b;c) = (2;3;1),(3;2;1).

4 a2 1
2) Theo bat dang thiic ¢d ban ab + bc + ca < 3 (a+b+c)? tasuy raab+ bc+ ca < 3. Hon nita,

ap dung bit dang thic cong mau sb ta c6

(a+b+c)? o9 1

T> =—.
“ab+bc+ca+2a+b+c)+9 T 3+64+9 2
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L s 1
Dau bang xay ra khi va chi khi a = b = ¢ = 1. Gia tri nhé nhat cua T 1a 7

Mat khac ro rang
2

a
T§Z2a+3'

2
< a
Hon ntta de da hut inh
n nifa dé dang ching min %13

1 4 2
< 34 v6i moi 0 < a < 3 vi bat dang thic nay tuong
duong véi bit ding thiic luon ding a(a —3) < 0.
Do do,

1
T < g(a—f—b‘f‘c) = 1.

Déu bang xay ra chang han khi a =3,b =c¢=0. Gid tri 16n nhit cia T 1a 1,

Cho tam gidc ABC c6 ba géc nhon (AB < AC), noi tiép duong tron (0). Goi M 1a trung
diém ctia doan thang BC. Pudng thang MO cat dudng tron (O) tai hai diém E, F (ME <
MF). Ké dutng thiang qua E vudng goéc véi dudng thing AC tai diém D. Goi H la truc
tdm clia tam gidc ABC va S 12 trung diém ctia doan thang HE.

1) Ching minh ring tam gidc BAF dong dang véi tam gidac MDC.

2) Puong thang AH cat dudng tron (O) tai diém thi hai Q. Pudng thang QF cit duong
thang BC tai diém T. Chiing minh ring diém S thudc dudng thang MD va TSO = 90°.

3) Pudng thiang qua S vudng géc véi dudng thang BS cat dudng thang AC tai diém P.
Chiing minh ring PA = PF.

Loi gidi.

1) Vi EMC = EDC = 90° nén tit gidc EMDC 1a tii gidc néi tiép, din dén MDC +MEC = 180°.
Trong khi d6, vi E,F lan ludt 1a trung diém clia cung nhé va cung 16n BC nén ta dugc
FEC = FEB. Két hop véi viéc t gidgc ABEF 1a tii gidc noi tiép thi ta thu dugc

MDC = 180° — MEC = 180° — BEF = BAF.

Két hop véi MCD = ACB = A/F\B ta suy ra ABAF ~ AMDC (g.g).

2) Vi tit gide EMDC ndi tiép nén ta dugc ADM = MEC = FEC = FAC. Tit d6 suy ra MD || AF.

Dung dudng kinh AJ ctia (0). Khi d6 dé y rang BHCJ 1a hinh binh hanh nén trung diém M
clia BC ciing 1a trung diém ctia HJ. Do d6 MS 1a dudng trung binh ctia tam gidc HEJ, vi thé
MS || EJ. Lai c6 AJ,EF la cac duong kinh cta (O), do d6 AEJF 1a hinh chit nhat, kéo theo
EJ || AF. Nhu vay ta thu dugc MS || AF.

Vi MS va MD cung song song v3i AF nén ta thu dudgc S, M, D thang hang.
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3)

Goi G la giao diém ctia AH v6i BC. D€ y ring ta c6 G 1a trung diém ctia HQ (két qua quen
thudc) nén GS 1a dudng trung binh cia AHQE, din dén GS || QE. Két hop véi EQF = 90°
(do EF la duong kinh cua (0)), ta thu dugc

—_—

TGS =90° — GTQ = AQF = QF O = FQO = TQO.
Mit khdc, chi y ring AGTQ ~ AQEF (g.g) nén ta thu dugc
TG EQ 2GS GS
TQ EF 200 QO

Do viy ta dudc ATGS ~ AT QO (c.g.c), dan dén 5]_“5 —GTS— Q/ﬁg = Q/T\O — Q/YTS' —STO
G T o e

va Ts = % Tu d6 suy ra ATGQ ~ ATSO (c.g.c), kéo theo TSO = TGQ = 90°.

Puong théng BH 1an lugt cit AC va (O) tai cc diém I va K. Vi BIP = BSP = 90° nén t
gidc BIPS 1a t gidc ndi tiép. Mit khéc, chd y ring 7 12 trung diém cta HK (két qua quen
thudc), SI 1a dudng trung binh ctia AHKE, dan dén SI || EK. Vi thé ta thu dugc

g-PTg pr— E‘ITS = B/I-{\E‘ f— BI;‘/\E‘-
Két hop vdi BSP = BMP = 90° suy ra ABSP ~ ABMF (g.g). Tu d6 thu dugc SBM =

— BM
SBP — MBP = MBF — MBP = PBF va . = ——. Do viy ABSM ~ ABPF (c.g.c), cho ta
PFB = SMB. Lai dé y riing S € MD. Tit d6 ta c6 bién ddi géc

—_—— — —_—

PFA =AFB+BFP:DCM+BMS:D/E74+DMC:DEM+DEC:MEC:FAC.

Do vay APAF can tai P, hay néi cach khac ta dugc PA = PF.

F
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V6i mbi s6 nguyén duong n (n < 99), xét 100 s6 nguyén duong ay,as, . ..,aio thda man
dong thdi hai diéu kién:

D l<ai<a<az<---<aj.
ii) V6imoil < j<i<100thia —a;+#n.
1) Khin =2, chiing minh rang a3 —a; > 4.

2) Tim tt c gia tri ctia n d€ ajgg nhd nhit.

Loi gidi.
1) Ta sé chiing minh ménh dé téng quat sau véi k,n bat ky

Ajyn—ay > 2nVk € AR

That vay, gia st ayy, —a, <2n—1.Datb;=ay,;—agsi—1,v6i 1 <i<n.Tacdby+---+b, <

2n—1. Xét cac t5ng bi,b1+by,....b1+by+---+by.

Néu ton tai i sao cho by + --- + b; chia hét cho n, ma 0 < by + --- + b; < 2n, cho nén by +
+b;j=n.Khidoay,;—ay=b1+---+b;j=n,voly.

Con néu cic tdng trén déu khong chia hét cho n, thi n tdng trén khi chia cho n sé nhan

n—1s6dul1,2,...,n— 1. Theo nguyén ly Dirichlet, ton tai 2 tdng c6 cling s6 du khi chia

chon, gia st déla by +---+b;vaby+---+b;j v6i 1 <i<j Khid6bii+---+b;=

(by+---+bj) — (b1 + -+ b;) phai chia hét cho n, ma 0 < byy1 + -+ +b; < 2n, cho nén

bl'_H—l—---—f—bj:I’l. Khidéaj—ai:bi+1—|—~--—|—bj:n,vﬁl}'/.

Vay gia st trén 1a sai, ta da chiing minh xong ménh dé. Cho k = 1,n = 2 ta c¢6 khang dinh

can chdng minh.

2) Ap dung ménh d@ trén, dit 100 = pn+r v6i 0 < r <nva p > 1 (do n < 100).

. Néur:O,tacéangazn—2n§a3n—4n§mgapn—(p—l)2n:a100—(p—1)2n,
hay

ajo > an+2(p—1)n

=a,+2pn—2n
=200+a, —2n
n—1 —
>200+a;+(n—1)—2n (Doa,—a; = Z A1 —ag) > Z
k=1 k=1
=2004+a;—n—1
>200+2—-50—1 (Don| 100 van < 100 nén n < 50)
=151.

Déu bing c6 thé xay ra tai day (ay,az,...,a100) = (2,3,...,51,102,103,...,151).
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« Néur#0, tuong ty ta cé a, < dpip —2n < -+ < @pypy — 2pn = ajoo — 2pn, hay

aypo > ar+2pn
=a,+200—-2r
>ay+(r—1)+200—2r
=2004+a;—r—1

Mal1l00=pn+r>n+r>2r+1,tudosuyrar <49. Tudd ajgo >2004+2—-49—-1=
152 > 151.

Tém lai, gia tri nhd nhét ctia ajg bang 151, xay ra tai n = 50.
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